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Abstract 

We consider stationary extreme black hole solutions to the Einstein- Yang- Mills equa- 
tions in four dimensions, allowing for a negative cosmological constant. We prove that 
Q_i, any axisymmetric black hole of this kind possesses a near-horizon AdS2 symmetry and 

deduce its near-horizon geometry must be that of the abelian embedded extreme Kerr- 
Newman (AdS) black hole. We also show that the near-horizon geometry of any static 
black hole is a direct product of AdS2 and a constant curvature space. 

T 1 

1 Introduction 

Extreme black holes are important in studies of quantum gravity since they possess zero tem- 
perature. A key geometric structure which all known examples possess is a near-horizon AdS2 
symmetry. This symmetry has played a fundamental role in developing various quantum de- 
scriptions of extreme black holes, see e.g. [Ul2]- ^ has even lead to the proposal that the 
extreme Kerr black hole is described by a two-dimensional CFT [3]. 

The AdS2 near-horizon symmetry has been established in a wider context via near-horizon 
symmetry enhancement theorems for D = 4, 5 extreme black holes [I] and also for D > 5 |5j[6], 
under various assumptions regarding the rotational symmetry. In D = 4,5 the theorem is 
valid in a general class of theories of Einstein gravity coupled to an arbitrary number of 
Maxwell fields and uncharged scalars (with a non-positive potential) [4j. This includes a 
number of consistent truncations of higher dimensional supergravity theories, such as D = 
4, 5 minimal (gauged) supergravity coupled to vector multiplets. Typically, these are special 
cases of more general consistent truncations such as D = 4, 5 maximal (gauged) supergravity, 
which contain more general types of matter such as charged scalar fields and non-abelian 
gauge fields. It is therefore of interest to investigate whether the near-horizon symmetry 
enhancement phenomenon persists in the presence of such fields. In this note we will focus on 
four dimensional extreme black holes with non-abelian gauge fields. 
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It has been known for sometime that the four dimensional black hole uniqueness theorems 
fail in the presence of non-abelian gauge fields, see [7J for a review. Most strikingly Einstein- 
Yang-Mills theory admits an infinite number of asymptotically flat, static and spherically 
symmetric solutions, including both smooth solitons jH] and regular black holes PHTTj. These 
were first found numerically and subsequently their existence was established rigourously [T2J 
[T5] . In fact many of the components of the black hole uniqueness theorems do not work when 
coupled to a non-abelian gauge field [T3|[T5]. Non- rotating black holes need not be static, static 
ones need not be spherically symmetric, and as already mentioned even spherically symmetric 
ones are not unique. On the other hand, the rigidity theorem still applies, which guarantees that 
a rotating black hole must be axisymmetric. However, the Einstein equations for stationary 
and axisymmetric spacetimes do not guarantee orthogonal transitivity of the isometry group 
(as in Einstein-Maxwell theory). Hence the Weyl-Papapetrou form for the metric is overly 
restrictive, and furthermore, even assuming this does not lead to an integrable 2d theory (as 
in Einstein-Maxwell). 

Interestingly, if the gauge group is SU(2), four-dimensional Einstein- Yang-Mills theory with 
a negative cosmological constant is a consistent truncation of lid supergravity on a squashed 
S 7 [16]. It is worth noting that in this context non-abelian Anti de Sitter black hole solutions 
also exist [T71[18]£] Such solutions are of interest in the context of the AdS/CFT dualities 
and in the case of planar horizons have been used to model phase transitions analogous to 
superfluidity/ superconductivity [TU] . 

Most of the investigations of non-abelian black holes have focused on non-extreme black 
holes. Given the importance of non-abelian equilibrium states in quantum theory it is natural 
to ask: does the gross violation of uniqueness persist for extreme black holes? It appears this 
question has not been fully investigated even in four dimensions. A result in this direction 
suggesting this is not the case is that static and spherically symmetric extreme black holes to 
SU (2)-Einstein- Yang-Mills theory are uniquely given by the abelian embedding of the Reissner- 
Norstrom black hole [20H22] . A natural method for investigating the question more generally is 
to attempt to classify near-horizon geometries of non-abelian extreme black holes. In fact for 
static black holes this has been already considered under certain restrictive assumptions [23|l2l] . 
Thus, our main focus will be stationary (non-static) black holes. The analogous problem in 
Einstein-Maxwell theory, including a cosmological constant, has been previously solved [2"oT - |2"7] . 

The first hurdle is that the AdS2 near-horizon symmetry theorems mentioned above, do 
not immediately apply in the presence of non-abelian gauge fields. In fact recently it was 
shown that the enhancement of symmetry of the near-horizon geometry follows from orthogonal 
transitivity of stationary and axisymmetric solutions |6j. As mentioned above, the Einstein- 
Yang-Mills equations do not imply orthogonal transitivity (unlike in Einstein-Maxwell theory), 
thus raising the question: are there non-abelian near-horizon geometries without an AdS2 
symmetry? 

In this note we will solve this problem within the simplest set up: four dimensional Einstein- 
Yang-Mills with a compact semi-simple gauge group and a cosmological constant A (mainly 
focusing on A < 0). We show that in fact the AdS2 symmetry theorem can be generalised to 
axisymmetric near-horizon geometries with cross-sections of the horizon of spherical topology. 
This requires an extra global argument as compared to the Einstein-Maxwell case [27]. Given 

1 Of course, in the presence of a cosmological constant even the (electro-) vacuum black hole uniqueness 
theorems are not valid. 
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this, the system of equations is then essentially equivalent to the Einstein-Maxwell case, al- 
lowing us to show that the most general solution of this kind is the near-horizon geometry of 
the abelian embedded extreme Kerr- Newman black hole (with cosmological constant). 

We also show that there are no non-static axisymmetric near-horizon geometries with 
toroidal cross-sections of the horizon. This is also the case in Einstein-Maxwell theory, a 
fact that does not seem to have been shown before for A For completeness, by following 

the method used for Einstein-Maxwell theory we completely classify static near-horizon ge- 
ometries, revealing that the only solutions with a compact horizon section are direct products 
of AdS2 and a constant curvature space. 

2 Non-abelian gauge fields near an extreme horizon 

Let (M, 

9nv) be a four- dimensional spacetime satisfying the Einstein- Yang-Mills equations with 
a cosmological constant A. We will assume the gauge group is a compact Lie group whose Lie 
algebra g is semisimple. Hence g admits a positive definite invariant metric (■, ■) which we will 
denote by Tr (AB) = (A, B) where A, B e g (i.e. the Killing form). 

We denote the g- valued Yang-Mills gauge field by and the the gauge-covariant derivative 
of any g- valued differential form is T>X = dX + [A, X] . The Yang-Mills field strength is T = 
dA+ \[A, A] and the Bianchi identity is DT = 0. Gauge transformations act as X y UXU -1 
and A i — y UAU^ 1 — dUU^ 1 where U is a group-valued function. 

The Einstein- Yang-Mills equations are then 

= 2Ti{F^ v5 -\g tlv F pc7 F p °)+kg llv (1) 
V*T = (2) 

where * denotes the Hodge dual with respect to g pv . 

We will consider smooth solutions {g^,A p ) which are invariant - up to gauge transforma- 
tions - under some symmetry group. Let us recall various well known general facts for such 
solutions [HJ[28]. Explicitly, if £ M is a Killing vector field of g pv then C^A = where 
is a g-valued function. This condition is gauge covariant provided gauge transformations act 
as i— ?■ UV^U^ 1 — (C^U)U^ 1 . It follows that C^J 7 = [J 7 , Vf]; hence for non-abelian fields 
there is no gauge-invariant notion of an invariant field strength. It is convenient to introduce 
the "electric" 1-form £ = —i^J 7 ; it is then easy to show that there exists a g-valued potential 
W = i^A — such that £ = VW. Observe that V£ = [J 7 , W]. One can also introduce a 
"magnetic" 1-form B = i^-kj 7 ; for a non-abelian field there is no associated potential, although 
by contracting the Yang-Mills equation with £ one can show T>B = [W, -kJ 7 }. 

We are now ready to introduce our setup. Suppose (M, g^) contains a smooth degenerate 
Killing horizon M of a complete Killing vector field K^, with a compact cross-section H (i.e. 
a 2-dimensional submanifold of M intersected by each orbit of K exactly once). Let If 1 be 
tangent to the null geodesies which are orthogonal to H and satisfy K ■ U = 1. In the 
neighbourhood of such a horizon one can define Gaussian null coordinates (v , r, x , x 2 ), so that 
K = d/dv, U = d/dr, where r = is the horizon TV, and (x 1 ,^ 2 ) are arbitrary coordinates 
on H (which corresponds to r = and v = const). The metric in these coordinates takes the 

2 For A > this fact immediately follows by integrating the horizon scalar curvature [27] . 
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form [29] 



g^dx^dx" = 2 dv (dr + rh a (r, x)dx a + ^r 2 F(r, x)dv) + 7 a &(r, x)dx a dx b (3) 

where F, h a , are all smooth functions. Degeneracy of the horizon corresponds to g vv = 
0(r 2 ). 

We will assume that the Killing field K leaves the gauge field invariant up to gauge 
transformations, i.e. CkA = T>Vk, and denote the associated potential defined above by 
W = Ik A — Vk- Now, for any Killing horizon one must have R ilv K^K v \j^ = 0. On the other 
hand the Einstein equations ([I]) imply R^K^K"^ = Tr(£ fl £ fl + B^B^)^. It follows that in 
Gaussian null coordinates S a \ r =o = B a \ r= o = 0. We will now recast these as equations on H. 

Let us denote the restriction of any quantity to H by a "hat". In particular we write 
the gauge field on H as A = A a dx a and the corresponding Yang-Mills field strength on H 
is J 7 = dA + j[A,A]. Also let T> = d • +[A, ■] be the gauge-covariant derivative on H. The 
condition £ a \r=o — then implies the equation on H 

V a yV = . (4) 

We deduce that T> 2 W = [f,W] = 0. On the other hand, by contracting VB = [W.-kF] with 
vector fields tangent to H, the condition B a \ r=0 = implies that [>V, JF vr ] = on H. 

By a gauge transformation we may set Vk = 0, so that CkA = 0; it follows that CkJ 7 = 
and the electric potential W = %kA. In Gaussian null coordinates the components of the gauge 
field and field strength are now both v -independent: d v A^ = d v T^ v = 0. There is a residual 
gauge freedom which includes any gauge transformation satisfying d v U = 0: using this we can 
further fix the gauge A r = 0. In this gauge, the most general gauge field is thus 

A = W(r, x)dv + A a (r,x)dx a . (5) 

Residual gauge transformations now satisfy d v U = d r U = 0. 

The remaining gauge field data on H is therefore explicitly given by A a = ^4 a |r=o and 
W = W| r =o- For convenience we also define E = <9 r W| r= o and G = *2^, which are g-valued 
functions on H. From above it follows that 

[W,E]=0 [W,G] = 0, (6) 

where we have used T vr = —d r W. 

We wish to investigate the constraints imposed by the Einstein- Yang-Mills equations on the 
horizon geometry. Usually, a convenient way to do this is to consider the field equations for the 
near-horizon geometry. This is defined by taking the near-horizon limit, which consists of first 
performing the diffeomorphism (v,r) — > (v/e,er) and then taking the limit e — > [4j. Due to 
the degeneracy of the horizon this limit always exists for the metric. As we will show below, in 
our gauge, the limit also always exists for the Yang-Mills field strength J 7 . However, if VV ^ 
this limit does not exist for the gauge field A. Since A appears explicitly in the Yang-Mills 
equation (i.e not just through J 7 ), it is therefore not clear if one can take the near-horizon 
limit of this equation (for the Einstein equation this is not an issue). Therefore we will not 
immediately take the near-horizon limit, but instead expand the Einstein- Yang-Mills equations 
for the full spacetime fields for small values of the affine parameter r, i.e. near the horizon J\f. 
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First we consider the Einstein equation near Af '. Restricted to r = this implies the 
following set of geometrical equations on H: 

Rab = fh a h b -V {a h b) +A^ ab + Ti(^E 2 + G 2 ^ ab (7) 
F = \h a h a - \V a h a + A - Tr (E 2 + G 2 ) (8) 

where F = F\ r= o, h a = h a \ r =o are the components of a smooth function and 1-form on H, 
whereas ^ ab = -y a j,| r . = o is Riemannian metric on H with Ricci curvature R ab and metric connec- 
tion V ft . Observe, that as is typical of degenerate horizons, the equations (J7J EJ) only contain 
quantities which are intrinsic to the horizon. 

We now consider the Yang-Mills equation (J2J near A/". We find that restricted to r = it 
implies the following equation on HE 

V a G - h a G - e a h {V b E - h b E) + 2[VV, e a b A b>r ] = (9) 

where e ab is the volume form of ^ ab and A a , r = (d r A a ) r =o- This horizon Yang-Mills equation 
reduces to the previously obtained horizon Maxwell equation, see e.g. |27]. However, (jUj) is 
not just a gauge-covariant version of the Maxwell equation [27]; it includes a new type of term 
[VV, A, r ] which encodes information extrinsic to the horizon. Hence, if VV ^ 0, a priori it is 
unclear if the Yang-Mills field on the horizon is constrained as in the abelian case. If fact, for 
the class of Lie algebras we are considering we may argue this extra term always vanishes. 

If VV 7^ at some point on H, then (jlj) implies there is a gauge such that d a W = and 
[Aa, VV] = 0. Thus w = VV is a fixed element of q and by conjugation (i.e constant gauge 
transformation), we may always assume that w £ f) where f) is a Cartan subalgebra. From 
(j6j) we deduce that the fields A a , G, E are all in the centralizer of w which we denote by Z w . 
The horizon Yang-Mills equation (jUJ) now implies that [VV,^4 ar ] £ Z w . Semi-simplicity of ad w 
then implies that ^ 6 4 and nTnee [VV, A v ] = after ajlfl Therefore, even if W 7^ 0, the 
horizon Yang-Mills equation now simplifies to 

VG-hG = i 2 (PE - hE) . (10) 

As in the Einstein-Maxwell case these horizon equations can now be thought of as the full 
Einstein- Yang-Mills equations for the near-horizon geometry defined above. The limit of the 
metric is: 

g NH = 2dv (dr + rh a (x)dx a + \r 2 F(x)dv^ + ^ ab (x)dx a dx h . (11) 
The field strength also alway^f] admits a near-horizon limit due to (jlj): 

F NH = E(x)dr Adv- rV a E dv A dx a + \G{x) e ab dx a A dx b . (12) 

3 This is the vra component of J2j) at r — and degeneracy of M has been used. The vab component is 
trivial at r = 0, whereas the rab component determines the higher order quantity VV rr in terms of A a . r , E. 

4 If w is a regular element, so Z w — t), then the Yang-Mills field is equivalent to rank(g) Maxwell fields. 
However, w could also belong to non-abelian centralizers. 

5 Recall we are working in a gauge where J- is independent of v. If one does not pick this gauge the 
near-horizon limit of T cannot be even defined. 
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However, as mentioned above, the gauge field only admits a near-horizon limit if W = 0; in 
this case it given by 

A NH = E(x)rdv + A a (x)dx a . (13) 

Then, the near-horizon metric and near-horizon gauge field (gNH, Anh) must satisfy the 
Einstein- Yang-Mills equations (CQ), ([2]). Indeed one can check directly that the Einstein- Yang- 
Mills equations for (gNH, -Anh) are equivalent to (J7j) and (IE]) and ( fTOj) . Furthermore, since we 
have argued that W does not actually appear in the horizon equations even when W 7^ 0, if 
we simply define the near-horizon gauge field by (|T3|) we can still think of the near-horizon 
geometry as a solution to the Einstein- Yang-Mills equations. 

To summarise, the Einstein- Yang-Mills equations for a near-horizon geometry are equivalent 
to the set of equations ([7]), ([H]) and ( ITU]) for the near-horizon data (7^, h a , F, E, G) which are all 
purely defined on H. These equations have inherited the original gauge invariance restricted to 
H\ this acts as (E, G) U(E, G)U~ l and A H- UAU^ 1 - dUU^ 1 , where U is a group-valued 
function on H. We will consider the classification of solutions to this system of equations on 
a compact manifold H. We will focus on A < 0, although all of our local results remain valid 
for A > 0. 

Before moving on, we note that the contracted Bianchi identity for the horizon metric ^y ab 
can be written in the useful form 

V a F = Fh a + 2h b V [a h b] - V b V [a h b] - 2Tr [(Ge ab + E% b )(V b E - h b E)} , (14) 

where we have used ©, ([8]) and (TTOj) . Henceforth, we will deal with quantities purely defined 
on H and will drop the "hats" . 

3 Static near-horizon geometries 

Any static black hole must have a static near- horizon geometry, that is K AdK = everywhere 
(not just on H). This is equivalent to dh = and dF = hF on H. These conditions are solved 
by h = dX and F = Foe x for some constant Fq and are sufficient to show that the near-horizon 
geometry is locally warped product of AdS2 and H [1]. To solve explicitly for the geometry, 
we may use the same method as in the Einstein-Maxwell case [27]. We note that the results 
of this section generalise those found in [23~jl24"] . 

Staticity implies Ricci staticity K A R(K) = 0, where R(K)^ = R^ IU K U . Using Einstein's 
equation for a near-horizon geometry Ricci staticity implies that T> a E = h a E on H. Hence 
V(e- X E) = and thus q 2 = e~ 2A Tr E 2 is a constant on H. The horizon Yang-Mills equation 
( ITU]) reduces to V a G = h a G and hence V(e~ x G) = 0, so we learn that p 2 = e~ 2X TrG 2 is also a 
constant on H. 

So far the analysis has been local; it applies to any coordinate patch U{ such that h = dAj. 
Since TrE" 2 and TrG 2 are invariants of the solution from the above we deduce that on any 
overlap C/j fl Uj we must have q 2 e 2Xi = q 2 e 2Xj and p 2 e 2Xt = p 2 e 2Aj ; for a non-trivial Yang-Mills 
field we see that either all the qi are non-zero or all the pi are non-zero. Since the Aj in each Ui 
are defined only up to an additive constant we may always arrange qi = qj or pi = pj and hence 
Aj = Xj. Therefore there exists a globally defined function A such that h = dX irrespective of 
the topology of H (of course if H = S 2 this is automatic). 
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Observe that the source terms in the horizon Einstein equations Tr(E 2 + G 2 ) = (q 2 + p 2 )e 2X 
are of the same form as in the Einstein-Maxwell case. If A non-constant, one can use the 
same method as in [27] to explictly solve for the horizon metric ^ a b and show that it can not 
be extended smoothly onto a compact H (at least for A < 0). Hence compactness requires 
h = dA = 0, which implies E and G are covariantly constant: thus Tr E 2 ,TrG 2 must be 
constants. The horizon equations now reduce to 

R ab = (A + Tr (E 2 + G 2 )) lab , F = A - Tr (E 2 + G 2 ) , (15) 

so that if is a constant curvature space and F = F is a constant. The near- horizon geometry 
is simply the direct product of a 2d Lorenzian maximally symmetric space and a 2d constant 
curvature space. For F < 0, as must be the case if A < 0, it is AdS2 x H with H = S 2 , T 2 , E 9 
depending on the sign of curvature, where T, g is a Riemann surface of genus g (only S 2 is 
allowed for A = 0). 

If E = the problem reduces to solving T> a G = on H, which is equivalent classifying Yang- 
Mills connections on S 2 and more generally on a Riemann surface of higher genus, a problem 
which has been solved [30] . In particular, for S 2 the moduli space Yang-Mills connections is in 
one-to-one correspondence with conjugacy classes of closed geodesies on the gauge group [30j 
l3~Tj . We deduce that for 577(2) gauge group all solutions on S 2 must be abelian. For more 
general gauge group it may be interesting to construct explicit non-abelian solutions, although 
we will not pursue this here. 

Finally consider the case where E ^ at least at a point. We have that = T> 2 E = [F, E] 
and hence [E, G] = 0. Furthermore, since E is covariantly constant we may choose a gauge 
such that it is a constant on H; then [A a , E] = 0. It follows that A a , G G Ze- By a constant 
conjugation we may assume E e f) is in a Cartan subalgebra. If E is a regular element of g 
then all fields are in f) and hence the system is equivalent to rank(g) Maxwell fields. For SU(2) 
gauge group this is the only possibility so in this case there are no non-abelian solutions. For 
more general gauge group, if E is a singular element then the centralizer Ze is non-abelian 
and the problem reduces again to the 2d Yang-Mills equations on a Riemann surface with a 
gauge group broken to the centralizer of E. 

4 Axisymmetric near-horizon geometries 

Motivated by the rigidity theorem for rotating black holes, we will now assume the spacetime 
and extreme horizon are axisymmetric. That is, we assume there exists a £7(1) isometry which 
commutes with the K. isometry generated by K (and hence leaves the horizon M invariant). 
We denote the corresponding Killing field by m and we assume the spacetime gauge field is 
also invariant up to gauge transformations, so C m A^ = T>^V m for a group- valued function V m . 

The vector field m must be tangent to H and hence generates a U(l) action on H; it restricts 
to a Killing field of the metric 7 a b on H which also leaves the rest of the near-horizon data 
F, h a invariant. The near- horizon gauge field data inherits the following invariance properties 
C-mAa = T> a V m , C-mG = [G , V m ] , C m E = [E, Vm], where V m is now a function on H. 

The existence of a [/(l)-action on H constraints its topology: if the action is free it must 
be T 2 , otherwise it must be S 2 in which case there are exactly two fixed points (the poles). We 
will first consider the S 2 case. Now consider the closed 1-form on H defined by i m e. It follows 
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there exists a function x such that dx = i m e. Compactness implies that there exists a global 
maximum and minimum for x, so X\ < x < x^- Since (dx) 2 = |m| 2 we see that x can be used 
as a coordinate at any point where m/0. We deduce that the fixed points of m correspond 
to the endpoints X — X\ , X2 • Therefore we can introduce coordinates (x, <fi) for x\ < x < X2 
such that m = 8/ dip, in which the near-horizon metric can be parameterised as 

dx 2 

-f ah dx a dx b = — - + B(x)d<b 2 , h a dx a = Tix^iBkix^ - T'(x)dx) , (16) 

B{x) 

where B(x) > and B(x\) = B(x2) = and T(x) > everywhere. Smoothness requires the 
absence of conical singularities at the end points x = xi,X2~- this is equivalent to B'(x\) = 
-B'(x 2 ) = 2 and <p ~ + 2tt. 

Now consider the gauge field. We may choose a gauge such that V m = and hence 
d^Aa = d^E = d^G = 0, i.e. A a , E, G are only functions of x. Furthermore by a residual 
axisymmetric gauge transformation we can also set A x = 0. In this gauge the horizon gauge 
field is simply 

A a dx a = a{x)dct) (17) 
where a = i m A is a g-valued function on H. It follows that 

G(x) = a\x) . (18) 

The horizon Yang-Mills equations ffTUl) now reduce to the coupled ODE system 

B(TG)' + BkE = r[a, E] (19) 
B(TE)' — BkG = -T[a,G). (20) 

Now consider the x<p component of (J7J). The terms from the Yang- Mills fields do not 
contribute and one finds as in the vacuum case k' — 0, so k must be a constant. If k — the 
near-horizon geometry is in fact static; as shown in the previous section static near-horizon 
geometries can be treated more generally without the assumption of axisymmetry. 

The x component of (TH|) can be simplified using k! = and (T2"U|) . resulting in the expression 

BA' = 4TTi(E[a,G}) , (21) 

where we have defined the function 

A = TF — k 2 T~ l B . (22) 

The significance of this quantity is revealed by changing r — > T(x)r in the full near horizon 
geometry, which results in 

dx 2 

g NH = T(x)[Ar 2 dv 2 + 2dvdr] + —— + B(x)(d(j> + krdv) 2 . (23) 

B{x) 

In an abelian theory, such as Einstein-Maxwell theory, the righthand side of (I2T!) must vanish. 
In that case A is a constant which can be shown to be negative for A < 0; then the metric in 
the square brackets is AdS2 and the near-horizon geometry inherits all its isometries (since k is 
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constant). The non-abelian structure of Einstein- Yang-Mills theory thus appears to obstruct 
this symmetry enhancement phenomena. 
Let us now study the obstruction term 

T = Tr(TE[a,TG}) (24) 

where the extra factors of T appear for convenience. Let us also define 

S = T 2 Tr(£ 2 + G 2 ) . (25) 



These quantities can be constrained using the Yang-Mills equations. Indeed equations ffT9]) . 
( 1201) allow one to establish the crucial identities 

BS' = -AT (26) 
BT' = -r 2 Tr([a,G] 2 + [a, E] 2 ) . (27) 

We may use these identities together with a global argument on H as follows. 

First note that the vector field X = Bd/dx is globally defined on S 2 and vanishes at 
x = Xi,X2- Hence given any smooth function / on H, the function X(f) must also be smooth 
everywhere on H and also vanishes at x — X\,x 2 - It is clear that S is invariantly defined on 
H; hence ( l26l) implies T is smooth on H and vanishes at the endpoints 

T{x x ) = T{x 2 ) = 0. (28) 

It then follows from ( ]2~Tj) that X(T) < and X(T)\ X=XUX2 = 0. Assume there is a single point 
in the open interval x\ < x < x 2 such that X(T) < 0. At this point T' < and therefore 

T(x 2 ) - T{x x ) = dx T' < . (29) 

J XI 

This clearly contradicts ( 128]) and therefore we deduce that T = for all x% < x < x 2 . Hence 
we have shown that the obstruction term in ( 12T|) vanishes and deduce that 

A(x) = A (30) 

where A Q is a constant. The sign of A can be determined using ((H]) which gives 

A = - V 2 r — — — + TA — — . (31) 

2 2r r v ; 

By integrating this equation over H we deduce that for A < a non-trivial solution (i.e. either 
k or S 7^ 0) must have A < 0. By the above remarks this shows the near- horizon geometry 
possesses the AdS2 symmetry enhancement as in the abelian theory. 

Observe that from (1261) and (1271) the condition T = allows us to deduce that S = So is a 
constant and [a, G] = [a, E] = 0. Commuting (1201) with a then shows that [a, E'] = 0, which 
can be used to deduce [G, E] = 0. Then commuting ([20]) with E and G, shows [E, E'] = and 
[G, E'\ = respectively. This shows that all the components of near-horizon gauge field and 
field strength ( [12]) commute. 
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bt\ _ 2(A r-Ar 2 +J So) 3 



The classification problem now essentially reduces to that in Einstein-Maxwell theory which 
has been previously solved, so we will be brief (although the present argument is more efficient 
than in [27]). Take the xx component of (J7J and subtract B~ 2 times the 00 component of (J7J 
to get 

r" - — - = . (32) 
2r 2T K J 

If r is a constant then k = and hence we recover the static case h a = 0. If T is non-constant 
then this equation for T can be used to rewrite (13TT) as 

p J r 2 

The general solution to (1521 is 

r = 7 + V ^ 

where /3 > is an integration constant and we have used the shift freedom in the definition of 
x to fix the other constant. This can then used to integrate for B using f|33|) 



where P is a polynomial given by 



B(x) = ^ (35) 



P(x) = -^f + (A - 2Ak 2 (3~ 1 )x 2 + c lX - ^(A - Ak 2 r V ) ~ ^ (36) 

and c\ is an integration constant. We have thus completely solved for the metric and a global 
analysis reveals that the horizon metric extends to smoothly onto S 2 if and only if c\ = (at 
least for A < 0). 

We now turn to the Yang-Mills equations (fT9~|) and (1201) which reduce to: 

(TG)' + kE = (37) 
(TE)'-kG = 0. (38) 

By expanding in any Lie algebra basis the components of (E, G) each satisfy the same equations 
as in the Maxwell case. Assuming k ^ one finds 

*»-(¥-¥))> ^-(f-¥)p 

-fc p , a - a H — (39) 

where a ,q,p are fixed elements in g and recall G = a'. Since these fields and their first 
derivatives must commute for all x, we deduce that a ,q,p all commute. 

The above shows that the most general axisymmetric near-horizon geometry and gauge 
field with H = S 2 is isometric to that of the abelian embedded extreme Kerr-Newman black 
with a cosmological constant (see [27] to deduce the explicit coordinate and parameter change). 

We close by considering toroidal horizon topology H = T 2 . In this case one can again 
introduce coordinates (x,<p), this time both periodic, such that the horizon metric take the 
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same form with B(x) > everywhere, but instead h may have an extra term of the form 
cB(x)~ 1 dx for some constant c, see e.g. [32J. The x<p component of ([7]) now implies k! = ck/B 
which integrates to k(x) = k exp(c f* B(x)~ 1 dx). Since the integrand in the exponent is 
positive this means that k(x) is a monotonic function which is in contradiction to the fact that 
k must be a periodic function of x. Hence for k 7^ we must have c = after all. Therefore 
the horizon equations in the toroidal case are identical to the S 2 case. From above we saw that 
if k then T(x) is given by ( l34"j) ; but since T is a globally defined function on H it must 
be periodic in x and hence we have a contradiction. This shows there are no axisymmetric 
near-horizon geometries which are non-static (i.e. k ^ 0) and have H = T 2 . Note that this 
proof is equally valid in pure Einstein-Maxwell theory or even pure gravity; for A < this fact 
does not seem to have been shown before (for A > it is easily follows by integrating the trace 
of the general horizon equation ([7])). 

The above results thus completely classify all axisymmetric near-horizon geometries with 
a compact horizon section in Einstein- Yang-Mills theory with a cosmological constant. We 
conclude that the near-horizon uniqueness present in Einstein-Maxwell theory persists in the 
non-abelian Einstein- Yang-Mills theory. 
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